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ABSTRACT
In this research, Homotopy Analysis Method (HAM) is a analytical method that
be used to obtained the approximation solution of hyperbolic equation. Hyperbolic
equation is a one of the class of Partial Differential Equation (PDE). PDE is one of the
basic areas of applied analysis, and it is difficult to imagine any area of applications
where its impact is not felt. In recent decades, there has been tremendous emphasis on
understanding and modelling nonlinear processes by using nonlinear PDE. Basically
the nonlinear PDE is difficult to solve compare to linear PDE. So, HAM is introduced
to solve hyperbolic equation for both linear and nonlinear equation. The auxiliary
parameter ~ in the HAM solutions has provided a convenient way of controlling
the convergence region of series solution. This method is reliable and manageable
to get the approximation solution.The optimum approximation solution of nonlinear
hyperbolic equation can be easier obtain by HAM due to it always provides a family
of solution expressions in the auxiliary parameter and the convergence. It shown that
in HAM even different numbers of auxiliary parameter, ~ is used, the approximation
solution still converge to the exact solution.
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ABSTRAK
Dalam kajian ini, Kaedah Homotopi Analisis (HAM) adalah kaedah analitik yang
digunakan untuk mendapatkan penyelesaian terhampir kepada persamaan hiperbolik.
Persamaan hiperbolik adalah salah satu daripada kelas Persamaan Pembezaan Separa
(PPS). PPS adalah salah satu bidang kajian analisis gunaan. Persamaan pembezaan
separa lebih susah untuk diselesaikan berbanding persamaan pembezaan biasa. Jadi,
HAM diperkenalkan untuk menyelesaikan kedua-dua persamaan linear dan bukan
linear. Parameter ~ didalam HAM menyediakan langkah dan jalan penyelesaian
yang lebih baik dan mudah apabila ianya dapat mengawal kawasan penumpuan bagi
penyelesaian masalah. Kaedah ini sangat bagus dan mudah diselesaikan, kerana ianya
memberi kebebasan untuk memilih apa-apa nilai ~ untuk mendapatkan penyelesaian
paling hampir. Penyelesaian paling optimum untuk persamaan hiperbolik bukan linear
boleh diselesaikan oleh HAM kerana kaedah ini menyediakan kumpulan penyelesaian
didalam parameter. HAM telah membuktikan, walaupun dengan apa-apa nilai ~,
persamaan-persamaan hiperbolik dapat diselesaikan dan menumpu kepada persamaan
tepat.
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CHAPTER 1
INTRODUCTION
1.1 Background
Most phenomena in our world are essentially nonlinear and are described by nonlinear
equations partial differential equation (PDE). Nonlinear partial differential equations
and systems described in physical processes, for example, in quantum mechanics,
the theory of electromagnetism (Maxwells equations), the theory of elasticity and
hydrodynamics . The solutions of the equations describe possible physical reactions
that have to be fixed through boundary conditions, which may be of quite a different
character (Liao, 2000). Shock waves occur in explosions, trafc ow, glacier waves, air
planes breaking the sound barrier are example modeled by nonlinear hyperbolic PDEs
There are some analytics techniques for nonlinear problems, such as homotopy
analysis method that are famous and applied in many problem. The homotopy analysis
method (HAM) is a analytics method for highly nonlinear equations, which has been
successfully applied in science, applied mathematics, finance, and engineering. Based
on the concept of homotopy in topology, the HAM is developed to solve nonlinear
problems independent of any small physical parameters. Especially, the HAM
introduces a totally new concept convergence-control by means of the convergence-
control parameter that provides a simple way to guarantee the convergence of
approximation series. The convergence-control parameter makes the HAM different
from all of other methods. As a result, unlike other analytic methods, the HAM is valid
for highly nonlinear problems (Liao, 2004). Numerous nonlinear differential equations
have been studied in great detail of HAM such that (Abbasbandy, 2007), (Jafari and
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Seifi, 2009), (Molabahrami and Khani, 2009), (Domairry et al., 2009) and reported that
this method is very useful as it allowed to obtain approximate solutions to nonlinear
differential equations.
Modern numerical methods, simple but powerful method in advanced scientic
computations for solving nonlinear PDEs. Numerical solutions of nonlinear PDEs
were rst put into use in practical problems, by von Neumann, in the mid-1940s as
part of the war (Von Neumann and Re´dei, 2005). Since then, the advent of powerful
computers combined with the evolution of sophisticated numerical algorithms has
revolutionized science and technology, much like the revolutions that followed the
introduction of the microscope and telescope in the seventeenth century. Powered
by modern numerical methods for solving for nonlinear PDEs, a whole new study
of numerical weather prediction prevision was formed (Tadmor, 2012). Tadmor has
reviewed numerical methods for non-linear partial differential equations.
1.2 Problem statement
Since we have high-performance digital computers, a linear problem becomes easier
and easier to solve. However, generally speaking, it is still difficult to obtain accurate
solutions of nonlinear problems. In particular, it is often more difficult to get an
analytic approximation than a numerical one of given nonlinear problem, although we
now have high performance supercomputers and some high-quality software package
such as Mathematica, Maple, Maple , and so on (Liao, 2000).The numerical techniques
generally can be applied to nonlinear problems in complicated computation. This
is an obvious advantage of numerical methods vantage of numerical method acting
over analytical ones that often handle nonlinear problems in simpleton knowledge
domain . However, numerical methods method give discontinuous pointedness of a
curve and thus it is often costly and time meter consuming to get a complete curve of
result . Besides, from numerical solution , it is hard to have a whole understanding
of nonlinear equation and problem. Numerical difficulties additionally appear if a
nonlinear problem contains singularities or has multiple result. The numerical and
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analytic methods of nonlinear problems have their own advantages and limit , and thus
it is unnecessary to do one thing and neglect another.
1.3 Objectives
The main objective of this study is to solve and obtain the approximation solutions
of nonlinear hyperbolic equations using HAM. Hopefully, this area of research will
contribute to the development of analytical solution. This will be achieved by the
following specific objectives of this study which are:
1. To obtained the convergence solution of the series in HAM that approximate
solutions of hyperbolic partial differential equations.
2. To study the comparison between HAM and exact solution by using Maple
software.
3. To observe the solution with difference value of auxiliary parameter ~.
1.4 Scope of study
To achieve the objectives, scopes have been identified in this research. For the scopes,
this study will just focus on one type of PDE that is hyperbolic equations. This equation
has been solved using Homotopy Analysis Method. Firstly, nonlinear hyperbolic
equations were solved using HAM. Then it is compared with exact solution. Then
difference value of auxiliary parameter, ~ was used to see the function of the parameter.
1.5 Importance of study
This research will identify the approximation of nonlinear hyperbolic equation
analytically. Based on the previous study, there are a lot of study to find and solve
the analytical approximation. This study will expand the scope of HAM that solving
nonlinear problem since HAM promising tool for other more complicated linear or
nonlinear, homogeneous or nonhomogeneous, systems of PDEs (Bataineh et al., 2008).
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CHAPTER 2
LITERATURE REVIEW
Nonlinear phenomena maneuver important character in applied mathematics, physics
and in engineering problems in which each parameter varies depending on different
factors. Recently, a lot of interest has been focused on the application of HAM to solve
various kind of problem occurs in nonlinear partial differential equation. There are also
various method to solve nonlinear PDE numerically such as finite difference method,
finite element method, gradient discretization method and finite volume method. In
this chapter, all related research regarding partial differential equation, HAM and
numerical method to solve nonlinear PDE will be discuss.
2.1 Partial Differential Equation
A PDE is said to be nonlinear if the relation between the unknown functions and their
partial derivatives in the equation are nonlinear (Tadmor, 2012). Nonlinear partial
differential condition are known to portray a wide assortment diverseness of wonders
not just in material science, where applications application program stretch out finished
magneto liquid flow, waterway surface gravity waves, waving , electromagnetic
radiation illumination responses, and particle acoustic waves undulation in plasma, Not
very many issues in material science, or to be sure in any branch of common science,
can be unraveled specifically subsequently, one normally first examination a perfect
composed report an apotheosis display, which is picked chosen to reflect however
much as could reasonably be expected of the regular of the genuine logical framework,
arrangement of guidelines , as a proper guess estimation and after that handle grasp
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different impacts by means of some successful perturbative and additionally non
perturbative method (Liao, 2004).
Over the past two decades, linear and nonlinear PDE have been solve
numerically and analytically (He, 2004). One of the method to solving linear or non-
linear equations in mathematics is by using ADM that introduced by G. Adomian
(Adomian, 1988). This method can be used to obtain solutions of non-linear functional
equations by using infinite Taylors series which term that can be determined. ADM
method will give a solution that will rapidly convergent series with easily computable
components. (Kooij et al., 2017) have proposed that a parallel time integration method
for nonlinear partial differential equations. In the research stated that, the aim of the
research is find the approximation by numerical method.
The modified homotopy perturbation method suggested is an efficient method
for calculating approximate solutions for nonlinear partial differential equations of
fractional order. The method has a very high accuracy comparing with the variational
iteration method and the Adomian decomposition method. With proper initial
approximation, the method produces the same solution as the variational iteration
method (Momani and Odibat, 2007).
Other than that two-space-dimensional linear hyperbolic equations are usually
hard to solve by using analytical technique. Because of that, a method has been
proposed to get approximate and analytical solutions. It is observed that the method
has a great advantage when the known functions in the equation can be expanded in
Taylor series (Bu¨lbu¨l and Sezer, 2011).
Taylor matrix method is proposed for the numerical solution of the two-space-
dimensional linear hyperbolic equation. This method transforms the equation into
a matrix equation and the unknown of this equation is a Taylor coefficients matrix.
Solutions are easily acquired by using this matrix equation, which corresponds to a
system of linear algebraic equations. As a result, the finite Taylor series approach with
three variables is obtained.
In some particular physical applications the problem is so simplified that the
resulting PDE is simple enough to be solved analytically, for example, by the method
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of separation of variables. However, when a more realistic modeling of the problem is
required, the resulting partial differential equation might become so difficult to solve.
So it need to have an approximate solution to solve the model.
According to (Dehghan et al., 2010) in general, the linear superposition
principle can be applied to linear partial differential equations if certain convergence
requirement are satisfied. This principle is usually used to find a new solution as
a linear combination of a given set of solution. For nonlinear partial differential
equation, however, the linear superposition principle cannot be applied to generate
a new solution. So, because most solution methods for linear equations cannot
be applied to nonlinear equations, there is no general method of finding analytical
solutions of Nonlinear PDE and numerical techniques are usually for their solution.
A transformation of variables can sometimes be found that transform a nonlinear
equation into a linear equation, or some other ad hoc method can be used to find a
solution of particular nonlinear equation. In fact, new methods are usually required for
finding solutions of nonlinear PDE.
Method of solutions for nonlinear equation represent only one aspect of the
theory of nonlinear PDE. Like linear equations, questions of existence, uniqueness
and stability of solutions of nonlinear PDE are of fundamental importance. These and
other aspects of nonlinear equations have led the subject into one of the most diverse
and active areas of modern mathematics
2.2 Homotopy Analysis Method
In 1992, Liao employed the basic ideas of homotopy in topology to propose a general
analytic method for nonlinear problems, namely the homotopy analysis method. Based
on homotopy of topology, the validity of the HAM is independent of whether or not
there exist small parameters in the considered equation. Therefore, the HAM can
overcome the foregoing restrictions of perturbation methods. In recent years, the HAM
has been successfully employed to solve many types of nonlinear problems (Rashidi
and Erfani, 2009).
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(Rashidi and Erfani, 2009) have studied that numerical comparison between
the differential transform method (DTM) and the homotopy analysis method (HAM)
for solving Burgers and nonlinear heat transfer problems. The homotopy analysis
method for partial differential equations of integer-order is directly extended to derive
explicit and numerical solutions of the fractional partial differential equations. The
solutions of the studied models are calculated in the form of convergent series with
easily computable components. The results of applying this procedure to the studied
cases show the high accuracy and efficiency of the new technique (Dehghan et al.,
2010). Basically there is a generalized Taylor series method, searching for an infinite
series solution, in order to enlarge the convergence region.
Liao heuristically introduce another homotopy parameter h. To identify the
value of h, the convergence radius of the obtained infinite series has to be determined
(He, 2004). The effectiveness and accuracy of the HAM have been demonstrated in
the anal- ysis of various non-linear problems (Pirbodaghi et al., 2009).
According to Pirbodaghi, there many other analytical method such as
perturbation method but HAM proves that the solution of the study converges quickly
and its components can be simply calculated. Also, compared to other analytical
methods, it can be observed that the results of HAM require smaller computational
effort and only a first-order approximation leads to accurate solutions. Beside all
the advantages of the HAM, there are no rigorous theories to direct us to choose the
initial approximations, auxiliary linear operators, auxiliary functions, and auxiliary
parameter. However, further research is needed to better understand the effect of these
parameters on the solution quality (Pirbodaghi et al., 2009).
Based on other research, HAM successfully solved various of type of equation.
For example HAM successfully applied to give an explicit, uniformly valid, and purely
analytic solution of Blasius equation (Liao,1999) or FalknerSkan equation (Liao,2001)
while (Liao,1992) HAM allowing for more than a uniformly valid analytical solution
of nonlinear equations with no possible small parameters, the same trick was played
again in his forth- coming publications (Liao,1995) Besides that, HAM already directly
extended to derive explicit and numerical solutions of the fractional partial differential
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equations. The solutions of the studied models are calculated in the form of convergent
series with easily computable components. The results of applying this procedure
to the studied cases show the high accuracy and efficiency of the new technique.
(Dehghan et al., 2010)
In real real world application the homotopy analysis method (HAM) is used
to investigate nonlinear vibration behaviour of Euler-Bernoulli beams subjected to
axial loads. Analytical expressions for geometrically nonlinear vibration of beams are
provided. The effect of vibration amplitude on the non-linear frequency and buckling
load is discussed (Pirbodaghi et al., 2009).
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CHAPTER 3
METHODOLOGY
Methodology is an important part to determine a guideline, direction and the process
of the project working so that the objectives can be achieved. For the first step is
hyperbolic equation that is second order PDE will be choose. Then the equation will
be implement into the full algorithm or fundamental of HAM. There will a series of
solution. Then the same equation will be used and solve numerically by finite different
method. After the solution is determined, it is compared for both method analytical
and numerical. To obtained the solution, it is solved by using Maple software.
3.1 Partial Differential Equation
A PDE is an equation involving an unknown function of several variables and its partial
derivative. To fix the notion, a second-order PDE in two independent variables is an
equation of the form
G(x, t, u, ux, ut, uxx, utt, uxt) = 0, (x, t) ∈ D (3.1)
where, as indicated, the independent variable x and t lie in some given domain D. By
solution to (3.1), mean a twice continuously differentiable function u = u(x, t) defined
on certain domain. A PDE has infinitely many solutions, depending on arbitrary
functions and classified into different types, depending on either the type of physical
phenomena from which the arise or a mathematical basis. There are three fundamental
types of equations, that are govern diffusion processes, govern wave propagation, and
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govern equilibrium phenomena. Equations of mixed type also occur. Consider a single,
second order PDE;
a(x, t)uxx+ 2b(x, t)uxt+ c(x, t)utt = d(x, t, u, ux, ut), (x, t) ∈ D (3.2)
where a,b, and c are continuous functions on D, and not all a,b, and c vanish
simultaneously at some point of D. Classification is based on the combination of the
second order derivatives in the equation. If the discriminant define as b2 − 4ac > 0,
(hyperbolic) b2 − 4ac = 0, (parabolic) b2 − 4ac < 0, (elliptic)
Formarly, it is possible to write in operator form
Lxu(x) = f(x) (3.3)
where Lx is a partial differential operator and f(x) is a given function of two or more
independent variables x = (x, y, ...). If Lx is not a linear operator, the (3.3) is called
nonlinear partial differential equation. Equation (3.3) is called an inhomogeneous
nonliner equation if f(x) 6= 0. On the other hand, (3.3) is called homogeneous
nonlinear equation if f(x) = 0
3.2 Method Description of Homotopy Analysis Method
3.2.1 Zero-Order deformation equation
In most cases a nonlinear problem can be described by a set of governing equations
and initial and/or boundary condition. Let consider only one nonlinear equation in a
general form:
N [u(x, t)] = 0 (3.4)
WhereN is a nonlinear operator,u(x, t) is an unknown function, x and t denote
spatial and temporal independent variable, respectively.
Let u0(x, t) denote an initial guess of the exact solution u(x, t), ~ 6= 0 an
auxiliary parameter, H(x, t) 6= 0 an auxiliary function, and L an auxiliary linear
PTTA
PERPU
STAKA
AN TU
NKU T
UN AM
INAH
11
operator with the property
L[f(x, t)] = 0
when
f(x, t) = 0
Then, using q ∈ [0, 1] as an embedding parameter, we construct such homotopy
H[φ(x, t, q)]; [u0(x, t), H(x, t), ~, q] = (1−q)L[φ(x, t, q)]− u0(x, t)−q(x, t)N [φ(x, t, q)]
(3.5)
It should be emphasizes that the above homotopy contains the so-called
auxiliary parameter ~ and the auxiliary function H(x, t). The nonzero auxiliary
parameter ~ and auxiliary function H(x, t) are introduced for the first time in this way
to construct a homotopy. So, such a kind of homotopy is more general. The auxiliary
parameter ~ and the auxiliary function H(x, t) play important roles within the frame
of the homotopy analysis method.
Let q ∈ [0, 1] denote an embedding parameter. Enforcing the homotopy (3.5)
to be zero;
H[φ(x, t, q)]; [u0(x, t), H(x, t), ~, q] = 0
We have the so-called zero-order deformation equation
(1− q)L[φ(x, t, q)]− u0(x, t)− q(x, t)N [φ(x, t, q)] = 0 (3.6)
Where φ(x, t, q) is the solution by embedding parameter q ∈ [0, 1].
When q = 0, the zero-order deformation equation (3.6) becomes
L[φ(x, t, 0)]− u0(x, t) = 0 (3.7)
which gives,
φ(x, t, 0) = u0(x, t) (3.8)
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When q = 1, since ~ 6= 0 andH(x, t) 6= 0, the zero-order deformation equation
(3.6) is equivalent to
N [φ(x, t, 1)] = 0 (3.9)
Which exactly the same as the original equation (3.4), provided
φ(x, t, 1) = u(x, t) (3.10)
Thus, according to (3.8) and (3.10), as the embedding parameter q increases
from 0 to 1, φ(x, t; 0) varies (or deform) continuously from the initial approximation
u0(x, t) to the exact solution u(x, t) of the original equation (3.4). The continuous
variation is called deformation in homotopy.
The define of so-called mth-order deformation derivatives
um0 (x, t) =
∂m(x, t, q)
∂qm
)|q = 0 (3.11)
By Taylors theorem, φ(x, t; q) can be expanded in a power series of q as
follows:
φ(x, t, q) = φ(x, t, 0) +
+∞∑
m=1
um0 (x, t)
m!
qm (3.12)
Where from (3.11)
um(x, t) =
um0 (x, t)
m!
=
1
m!
∂mφ(x, t, q
∂qm
) |q= 0 (3.13)
Substitute equation (3.8) and (3.13) into (3.12) and becomes;
φ(x, t, q) = u0(x, t) +
+∞∑
m=1
um(x, t)q
m (3.14)
It is free to choose the initial guess the initial guess u0(x, t), the auxiliary linear
operator H, the nonzero auxiliary parameter ~, the auxiliary function H(x, t). So
assume that all of them are properly chosen so that:
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1. The solution φ(x, t; q) of the zero-order deformation equation (3.6) exist for all
q ∈ [0, 1].
2. The deformation derivative um0 (x, y) exists for m = 1, 2, 3, ...,∞.
3. The power series (3.14) of φ(x, t; q) converges at q = 1
Then for q = 1, from equation (3.10) and (3.14) the assumptions
u(x, t) = u0(x, t) +
+∞∑
m=1
um(x, t) (3.15)
This expression provides the relationship between the exact solution u(x, y)
and the initial approximation u0(x, y) by means of the terms um(x, y) which are
determined by the so-called high order deformation equations
3.2.2 High-Order deformation equation
Define
−→u n = u0(x, t), u1(x, y), u0(x, y), , un(x, y)
According to the definition (3.13), the governing equation of um(x, y) can be
derived from the zero-order deformation equation (3.6). Differentiating the zero-order
deformation equation (3.6) m times with respective to the embedding parameter q
and dividing it by m! And finally setting q = 0, we have the so-called mth-order
deformation equation.
L[um(x, t)− xmum−1(x, t)] = ~H(x, t)Rm(−→u m−1, x, t) (3.16)
Where xm is defined by
Rm(
−→u m−1, x, t) = 1
(m− 1)!
∂m−1φ(x, t; q
∂qm−1
|q = 0 (3.17)
Substituting (3.14) into the above expression, becomes;
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